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Abstract
Bounded model checking (BMC) is an incremental refutation technique to search for counterexamples of increasing length.
The existence of a counterexample of a fixed length is expressed by a first-order logic formula that is checked for satisfiability
using a suitable solver. We apply communicating parallel solvers to check satisfiability of the BMC formulae. In contrast to
other parallel solving techniques, our method does not parallelize the satisfiability check of a single formula, but the parallel
solvers work on formulae for different counterexample lengths. We adapt the method of constraint sharing and replication of
Shtrichman, originally developed for sequential BMC, to the parallel setting. Since the learning mechanism is now parallelized,
it is not obvious whether there is a benefit from the concepts of Shtrichman in the parallel setting. We demonstrate on a number
of benchmarks that adequate communication between the parallel solvers yields the desired results.
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1

Introduction

In this article, we formalize a parallel bounded model checking (BMC) algorithm, and present some
results for our implementation. The term BMC [7, 15] refers to symbolic analysis techniques checking
finite unravelings of transition systems for satisfaction of a formal specification. While originally
being confined to a refutation technique based on an incremental search for counterexamples
of increasing length, there are now several extensions to recognize fixed points and allow
system verification [11]. Basically, given a system together with a specification, the existence of
counterexamples of increasing length k = 0,1,... is expressed by first-order formulae ϕk that are
checked for satisfiability by a solver suitable for the underlying logic. For discrete systems a SAT
solver is used, while the analysis of linear hybrid automata, for example, requires the application of a
combined SAT-LP solver. Some popular solvers are, e.g. zChaff [21], BerkMin [14], MiniSAT [12],
HySat [13], MathSAT [4], CVC Lite [5] and ICS [9].
Given the high computational cost of checking large BMC instances and driven by the advent of
affordable multiprocessor machines, research recently focuses on the development of parallel BMC
techniques, too. The main line of research applies parallel solvers to the same BMC instance, that
means, the solvers work on the satisfiability check of the same formula ϕk . Thereby, the overall
search space is divided into disjoint parts that are then treated by the involved processes.
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Parallel SAT algorithms can be traced back to at least 1994, where Böhm and Speckenmeyer
presented an approach for a transputer system with up to 256 processors [8]. In subsequent years,
a number of more advanced implementations have been developed. Two of the most powerful
distributed SAT solvers nowadays are PaSAT [24] and PaMira [22]. Both tools use many of the
latest improvements in sequential SAT solving, e.g. conflict-driven learning combined with nonchronological backtracking, various efficient decision heuristics and zChaff’s concept of watched
literals. Additionally, PaMira employs Early Conflict Detection BCP and Implication Queue
Sorting [18]. Both features together result in a significantly reduced number of clauses the BCP
stage has to deal with, and by this substantially increase the overall performance.
PaSAT and PaMira also support the exchange of information about the problem instance under
consideration, usually encoded as conflict clauses. In traditional parallel SAT solvers the processes
independently generate conflict clauses for their own usage (in [24] also referred to as lemmas). Every
conflict clause, generated by a conflicting assignment of the variables, is a piece of information that
the corresponding process has learnt about the problem and that might be helpful to cut-off parts
of the search space. If the solvers share their knowledge, consisting of their conflict clauses, then
this information enables them to avoid descending into parts of the search tree that have already
been proven to be unsatisfiable by other solvers. If a solver, receiving a conflict clause, is currently
analysing such an unsatisfiable sub-tree then it can immediately stop its analysis of the current part
of the search tree. Thus exchanging conflict clauses is helpful in increasing the performance of the
overall system.
Extending our earlier work [2], we introduce a different kind of parallelization of BMC: instead
of applying a distributed SAT solver to a single BMC instance, we do concurrently address the
satisfiability check for different counterexample lengths through parallel solvers. To our knowledge,
this is the first BMC tool parallelized into the dimension of problem instances.
In a naive setting, without relating the SAT-checks of different BMC instances, such a
parallelization would immediately provide ideal, linear speedup. Solvers optimized towards BMC
do, however, exploit constraints of earlier SAT-checks to aggressively prune the search space of the
subsequent ones [1, 13, 23]. These pruning techniques are developed for sequential execution. Our
primary goal is to preserve linear speedup even when parallelizing such optimized BMC engines.
The BMC formulae ϕk for different k’s describe similar problems, i.e. the formulae have some
common sub-formulae. We make use of this fact and let the parallel solvers exchange information
in the form of conflict clauses. However, knowledge sharing is not as simple as before: in parallel
SAT solvers like PaSAT or PaMira, as described above, the solvers communicate conflict clauses in
order to help each other with information which part of the state space does not need to be searched
through. Without modification, this method does not work in our case when the different solvers have
to solve different problems: a conflict clause, generated by some solver, may result from clauses that
some of the other solvers do not have in the clause set they have to satisfy and thus those other solvers
must not make use of that conflict clause.
In [1, 13] we dealt with constraint sharing and replication (CSR) in the style of Shtrichman [23].
Recall, that sequential BMC defines a sequence of SAT problems ϕ0 ,ϕ1 ,..., which are checked
sequentially one after the other. CSR can be seen as a method of communicating at the interface
between the different BMC SAT problems: the conflict clauses after the SAT-check of one problem
are analysed and used to prune the check of the following BMC problems when possible. Constraint
sharing re-uses those conflict clauses whose generation involved only clauses that are part of the
next SAT problem, too. Constraint replication shifts conflict clauses in time: if all clauses involved
in the generation of a conflict clause are present in the next SAT-check with the same variables but
at different computation depth, i.e. with different indices, then we can insert that conflict clause after
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2

Bounded model checking

We first give a short review of BMC [7, 15] and briefly describe how state-of-the-art SAT solvers
check satisfiability of propositional formulae. In this article we restrict ourselves to safety properties;
for lifeness properties see e.g. [7].
1 http://www.avacs.org
2 The

linearity allows us to use a decidable logic for which efficient solvers are available.
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renaming the variables accordingly. Constraint replication can also be applied on-the-fly. In that case,
shifted copies of new conflict clauses are added immediately after conflict resolution, when possible.
In the context of the AVACS project1 we are interested in the analysis of linear hybrid
automata. Linear hybrid automata are transition systems with mixed discrete-continuous behaviour.
Additionally to the discrete part, time passes while control stays in the locations, and the values of the
real-valued variables evolve continuously according to some linear flows.2 Consequently, the BMC
formulae for linear hybrid automata are not only Boolean combinations of Boolean variables, but
additionally of some linear constraints over the real-valued variables.
In [1, 13] we showed that CSR speeds up the satisfiability checks remarkably not only for discrete
systems (e.g. circuits), but also for linear hybrid automata. Our experience shows that in the mixed
discrete-continuous case the search in the real domain, involving some linear programming (LP)
solving techniques, is very time-consuming. Thus, for the hybrid case CSR is especially important
to make use of the conflicts found in the real domain.
Now, if we start several SAT solvers running in parallel and solving BMC problems for different
counterexample lengths independently using CSR, the expected speedup of CSR plus the linear
speedup due to parallelization will not be reached. The reason is the following: in sequential BMC
with CSR, each BMC instance is solved completely before the next check starts. As CSR re-uses
the conflict clauses, the forthcoming check will not run into the same conflicts again. However,
in the parallel case, if the different solvers do not communicate, they may find the same conflict
independently, thus wasting time.
Even if the solvers communicate, yielding constraint sharing, we need to apply constraint
replication to the communicated clauses immediately after communication, in order to get the similar
speedup as in the sequential case for each of the solvers. Without immediate constraint replication,
the different solvers often find the same problem at different time instances. This entails on the
one hand unnecessarily finding the same conflict twice, and on the other hand increased constraint
propagation time: constraint replication at the beginning of the SAT-checks may produce lots of
subsumed clauses.
In this article, we integrate the standard parallel SAT-solving paradigm and CSR in the context
of BMC. We parallelize the learning algorithm using communicating SAT solvers, such that we
can keep a speedup similar to the sequential case due to CSR, and gain additional speedup due to
parallelization.
Besides a small computer cluster, we used supercomputers of the Jülich Supercomputing Centre.
The centre provides high performance computer capacity for scientists at the research centre, at
universities and research laboratories in Germany—and partly in Europe—as well as for industrial
partners. The largest one, JUGENE, offers 65536 CPUs with an aggregated memory of 32 TB.
The rest of the article is structured as follows: Section 2 deals with BMC and SAT solving, and
Section 3 describes our parallelization technique. In Section 4 we present the experimental results,
and finally we draw conclusions in Section 5.

4 Parallel BMC

2.1 Encoding finite transition systems

ϕk (s0 ,...,sk ) = Init(s0 )∧




i=0,...,k−1



t∈T Transt (si ,si+1 )

∧¬Safe(sk ) .

Starting with k = 0 and iteratively increasing k ∈ N, BMC checks whether the BMC instances
ϕ0 ,ϕ1 ,ϕ2 ,... are satisfiable. The algorithm terminates at depth k if ϕk is satisfiable, i.e. an unsafe
state is reachable from an initial state in k steps.

2.2 Satisfiability checking
The formulae ϕk describing counterexamples of length k are checked for satisfiability by a traditional
SAT solver.
First, the Boolean formula is transformed into a conjunctive normal form (CNF). In order to
keep the formula as small as possible, auxiliary Boolean variables are used to build the CNF
[26]. A formula in CNF form is a conjunction of clauses, while each clause is the disjunction of
literals. We distinguish between positive literals being Boolean variables, and negative literals being
negated ones.
In order to satisfy the formula, each of the clauses must be satisfied, i.e. at least one literal in each
clause must be true. The SAT solver assigns values to the variables in an iterative manner. After each
decision, i.e. free choice of an assignment, the solver propagates the assignment by searching for
unit clauses, i.e. clauses in that all literals but one are already false; the remaining literal is implied
to be true, since otherwise the clause would not be satisfied.
If two unit clauses imply different values for the same variable, a conflict occurs. In this case
a conflict analysis can take place which results in non-chronological backtracking and conflict
learning [20, 28]. Intuitively, the solver applies resolution to some unit clauses, using the implication
tree, and inserts a new conflict clause thereby strengthening the problem constraints and restricting
the state space for further search.
For performing the experiments of Section 4, we developed our own SAT solver, which—from a
top level point of view—works quite similarly to zChaff [21] and BerkMin [14]. While not being
as optimized as other state-of-the-art solvers, it incorporates most of the algorithms employed by
modern SAT engines to accelerate the search process, like conflict-driven learning, non-chronological
backtracking, and watched literals. The development of our own solver was necessary for our
experiments, since there is no parallel solver available that supports constraints over the reals, as
necessary for checking hybrid automata.
Our tool exploits the concept of lazy theorem proving [6] to provide a decision procedure
for LinSAT formulae, i.e. CNFs where the atoms can be both propositional variables and linear
inequations over the reals. It tightly integrates a Davis–Putnam style SAT solver with a LP routine,
combining the virtues of both methods: LP adds the capability of solving large conjunctive systems
of linear inequalities over the reals, whereas the SAT solver accounts for fast Boolean search and

Downloaded from http://logcom.oxfordjournals.org at RWTH Aachen, on June 25, 2010

Given a finite transition system, its initial condition and transition relation can be described by
propositional formulae Init(s) and Transt (s,s ) for all t ∈ T with T the set of transitions, where s and
s explicitly denote the free variables occurring in the given formulae: s = (v0 ,...,vm ) contains all
 ) copies of them in order to describe the target valuation after a transition.
variables and s = (v0 ,...,vm
Let Safe(s) be a propositional formula describing a safety property of the system. Counterexamples
of a fixed length k, i.e. runs of length k violating the property Safe in their final state, can be described
by the following formula:
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efficient handling of disjunctions [4, 6, 10, 27]. The basic idea of the integration is to build a Boolean
abstraction of the hybrid problem by replacing each non-propositional constraint occuring in the input
formula by a fresh auxiliary Boolean variable. The SAT solver checks the satisfiability of a Boolean
abstraction, while the LP solver checks the consistency of the assignments in the real domain.

2.3 Symmetries of BMC problems

I-clauses
T-clauses
S-clauses
(x0 ∨y0 ),... (x0 ∨y1 ∨z0 ),...,(x1 ∨y1 ∨z0 ) (y3 ∨z3 ),...
(x1 ∨y2 ∨z1 ),...,(x2 ∨y2 ∨z1 )
We say that a T-clause describing the i-th transition step is a T[i−1,i] -clause, since it involves statevector components with indices i−1 to i; we call i−1 the lower boundary and i the upper boundary
of the clause. Similarly, I-clauses are also called I[0,0] -clauses and S-clauses in iteration k also S[k,k] clauses. We also write T[i,≤j] when being unspecific about the upper boundary i ≤ j ≤ j; we use similar
notation for I- and S-clauses and lower boundaries. Furthermore we say that we shift a clause by d
meaning that we replace each variable index i by i+d.

2.4 Constraint sharing and replication
Usually, the conflict clauses learned during the SAT-check of a BMC instance ϕk get removed before
the satisfiability check of the next BMC instance ϕk+1 . However, they can also be partially re-used
in the style of Shtrichman [23], thereby excluding search paths from the SAT search already before
the search starts: if a conflict clause is the result of a resolution applied to clauses that are present
also in the next BMC iteration, then the same resolution could be applied in the new setting, too, and
thus we can keep those conflict clauses. Furthermore, if all clauses used for resolution to generate a
conflict clause are present with a shifted instance, then the same resolution could be made using the
shifted instances. Accordingly, we distinguish between:
• I[0,j] -conflict-clauses are the result of resolution applied to I[0,≤j] - and possibly T[≥0,≤j] (conflict-)clauses. They can be re-used without any modification in all iterations k  ≥ j.
• S[i,k] -conflict-clauses are the result of resolution applied to S[≥i,k] - and possibly T[≥i,≤k] (conflict-)clauses. They can be re-used in all iterations k  ≥ k −i when shifted by k  −k.
• T[i,j] -conflict-clauses are the result of resolution applied to (conflict) clauses of type T[≥i,≤j] .
They can be inserted in iteration k  ≥ j −i in all instances shifted by −i,...,k  −j.
• IS-conflict-clauses are the result of resolution applied to (conflict) clauses of both types I and S.
They cannot be re-used in other iterations.
3 The

value of a variable v in the i-th state is denoted by vi , the value of its negation by vi .
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The formulae of BMC problems have a special structure: they describe computations, starting from an
initial state, executing k transition steps, and leading to a state violating the specification. Accordingly,
the set of clauses generated by the SAT solver can be grouped into clauses describing (i) the initial
condition (I-clauses), (ii) one of the transitions (T-clauses) and (iii) the violation of the specification
(S-clauses). Furthermore, the T-clauses can be grouped into k groups describing the k computation
steps. Those k T-clause groups describe the same transition relation, but at different time points. That
means, they are actually the same up to variable renaming. For example, some BMC problem for
counterexample length k = 2 could be represented by a clause set like this3 :

6 Parallel BMC
In a sequential setting, a single solver is used to check all the BMC formulae for incremental
counterexample lengths. Thereby, the conflict clauses can be re-used in the above manner: before
each iteration k, the conflict clauses generated in the iterations less than k are analysed and adapted
to the depth k. Alternatively, T-conflict-clauses can also be replicated on-the-fly directly after their
generation, within the width of the current BMC instance.

2.5 Extension to linear hybrid automata

3

Parallel BMC

We are going to transfer the BMC technique into a parallel setting. The pseudo-code algorithm is
depicted on Figure 1.
The master : assume n solvers running in parallel, where each solver checks a different BMC instance
of the same system for satisfiability.An additional master process makes the book-keeping of the BMC
problems: after completion of its previous instance, each solver asks the master which counterexample
length to check by calling get_new_iteration(). Starting at 0, the master distributes the problem
instances via check_for_iteration_requests()in the order of increasing unraveling depth. Besides
this, the master checks if any solver found a counterexample [check_for_interrupts() ], or
if any solver wants to communicate clauses [by calling check_for_incoming_clauses() and
check_for_clause_requests() ].
The slaves : After receiving the first BMC instance to check, the slaves start the satisfiability checks
in sat_check(), whose return value will be the answer to the satisfiability question. After the
generation of the corresponding clause set with solver_update() they enter the main checking
loop. The loop starts with propagating the current assignments in propagate() . In case of conflicts,
conflict_resolution() generates a conflict clause, which gets added to the clause set and will also
be sent to the master later on. Conflicts can be unsolvable, i.e. independent of any solver decisions,
in which case the formula is unsatisfiable. Otherwise the solver replicates the new conflict clause
if possible, applies backtracking, and continues propagation with its extended knowledge. During
replication, we remember the highest instance of the conflict, i.e. the one shifted by the highest value.
To avoid multiple copies, only the highest instance will be shifted in future.
If the current assignments do not lead to conflicts, the solver makes a new decision by assigning a
value to a yet unassigned variable via branch(). If there are no unassigned variables left, then we found
a Boolean solution, which is checked for satisfiability in the real domain with lp_check(). If case
of satisfiability, we found a counterexample and the method returns true; otherwise, an explanation
of the real conflict in the form of a conflict clause is added to the SAT solver, thereby refining the
Boolean abstraction.
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The previously presented approach can be naturally extended to BMC of linear hybrid automata.
Hybrid automata [3, 17] are a formal model to describe systems with combined discrete and
continuous behaviour. We consider the class of linear hybrid automata, whose behaviour can be
described by Boolean combinations of linear (in)equations over real-valued variables.
Applying BMC, counterexamples of a linear hybrid automaton can be encoded similarly to that
of a finite transition system. The underlying logic is the existential fragment of the first-order logic
over (R,+,<,0,1), i.e. formulae are the Boolean combinations of (in)equations over linear terms
using real-valued variables. The satisfiability check of those formulae is done by a combined SAT-LP
solver. For a detailed description of the encodings, the satisfiability checks, and for optimizations
see [1].
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void master() {
while (!all_ready()){
check_for_interrupts();
check_for_iteration_requests();
check_for_incoming_clauses();
check_for_clause_requests();
}
}

bool sat_check(){
if (solver_update() == UNSAT) return false;
while(true) {
while (propagate() == BOOL_CONFLICT)
if (conflict_resolution() == UNSOLVABLE)
return = false;
if (branch() == FINISHED) {
if (lp_check() == LP_CONFLICT){
if (conflict_resolution() == UNSOLVABLE)
return = false;
} else return true;
}
if (num_conflicts_to_send>=threshold){
send_clauses();
if (!get_clauses()) return false;
}
}
}

Figure 1. Pseudocode of the parallel SAT-LP-solving algorithm
Communication: Before going back to the loop begin, the solver communicates with the master: it
sends new conflict clauses to the master [send_clauses()] and receives conflict clauses found by
other solvers from the master [get_clauses()]. In addition to the literals constituting the conflict
clauses, the processes communicate the conflicts’ types and boundaries. For example, the sequence
of literals of a T[i,j] -conflict-clause is augmented with the information that it is a T-clause with
boundaries i to j. IS-conflict-clauses are not sent, since they cannot be re-used in other iterations.
We made the experience that communicating in each loop, at least in the given setting, is too timeconsuming; the solvers communicate when the number of clauses to be sent to the master exceeds a
given threshold (in the experiments we used 10);
Note that solvers receiving some clauses do actually process a BMC instance of another length
than the sending solver does. Therefore, a solver checking iteration k may receive a T[i,j] -conflictclause with j −i > k. In this case, the solver must not yet make use of the clause, but may of course
memorize it for later use when it attacks a larger BMC instance. We call such a clause silent: though
it is syntactically stored, it will not influence the current SAT check.
Thus a receiving solver checks whether it can currently make use of the received conflict clause.
If so, the clause and possible replications get inserted into the solver’s clause set. S-clauses get shifted
into the right position before insertion. Again, when replicating T-clauses, the highest instance is
marked. It is important that received conflict clauses are replicated on-the-fly directly after their
reception, and not later before the next satisfiability check: if different shifted instances of the same
conflict are found or received, the solver would replicate all of them before the next check, resulting
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void slave() {
iteration = get_new_iteration();
while (iteration<=max_it) {
if (sat_check() || is_interrupted()) { interrupt(); break; }
iteration = get_new_iteration();
}
}

8 Parallel BMC

4

Experimental results

We implemented a prototype SAT solver that works mainly as described in Section 2.2. For
communication we use MPICH2 [16], an implementation of the message passing interface (MPI)
standard. It is worth to mention that our approach works well only if communication is very fast. There
are three main issues: first, processes should not wait on sending, thats why we use asynchronous
communication and buffer pools. Second, processes also should not wait on receiving, thats why for
4 One

could also employ subsumption checks to avoid this effect.
slave uses own communication channels.

5 Each
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in multiple copies of the same clauses. That would increase propagation time.4 Replicating on-the-fly
alleviates this problem, since all processes insert all possible shifted instances within a small time
frame, such that the probability that two solvers find the same conflict in the same or in a different
instance is significantly reduced (see Section 4 for some experimental results).
Before a solver starts a new iteration, it calles solver_update() , that adds new replications of the
active T-conflict-clauses, adapts the S-conflict-clauses, and deletes all IS-conflict-clauses. In order
to reduce subsumption, only the highest instances get shifted with all possible positive values, and
the new highest instances get marked. The solver also checks which silent clauses may be activated
and eventually replicated. In the above example, the solver may make use of the previously silent
T[i,j] -conflict-clause when the new iteration k  that the solver is going to check is at least j −i. In this
case the conflict clause shifted by −i,...,k  −j can be added to the clause set.
The communication structure between master and slave is as follows: slaves send clauses to the
master via MPI_Send , and the master tests and receives messages via MPI_Iprobe and MPI_Recv .5
For the remaining communications (i.e. for iteration, interrupt and sending clauses from master to
slave), the slave sends a request on the master via MPI_Send . The master test with MPI_Iprobe if any
of the slaves sent a request. If there is a request, the master receives it with MPI_Recv , and answers
it using MPI_Send . Finally, the slave can receive the answer with MPI_Recv . As we will see in the
next section, this setting works fine for smaller number of processes. However, communicating in
each loop takes too long, thats why we introduced threshold .
However, as we will see in the next section, the above approach does not scale well for larger
numbers of processes. Additionally to the master–slave algorithm, we developed a second approach,
in that clause communication happens directly between the slaves (the master is still kept for the
iteration scheduling, though this is not inevitable). Once a slave wants to send clauses, it writes the
information into a buffer, and sends it to each other slave using MPI_Isend . Note that MPI_Send
and MPI_Isend can both work asynchonously, but MPI_Send uses buffered communication, while
MPI_Isend is unbuffered. Thus using MPI_Isend returns immediately, but the buffer may not be
re-written before the receiving has completed. To avoid waiting times, we use for each slave a pool
of buffers. If a buffer content is not yet received by all slaves, then we take another one. A sending
solver has to wait only if all buffers are written but not yet read.
The above mechanisms aim at preserving linear speedup from parallelization even if constraint
sharing is used, a mechanism that suits the sequential world better. Communication between the
solvers has the role of knowledge transfer, such that none of the solvers has disadvantages from the
fact that it does not compute each BMC instance incrementally, but skips over some that get computed
by the others. In the next section we show by means of benchmarks that without exchanging conflict
clauses, the effect of CSR in the parallel case does not yield the same speedup as in the sequential
setting.
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4.1 First experiments on a small network
In some earlier experiments, which we present first, we used a network of four computers each having
two AMD Opteron(tm) 250/252 processors with 2400–2600 MHz, 1024 kB L2 cache and between
4 and 16 GB of main memory. We measured the performance of one, two and five parallel solvers
supported by a master process. We performed experiments with communicating solvers using CSR.
To test the effectiveness of these algorithmic enhancements, we also measured the running times
when the solvers do not use CSR or when no communication takes place.
The running times (except in Figures 4 and 5) are given as the CPU times per processor for
each BMC iteration. For each iteration, the CPU time per processor is computed as the runtime of
that instance divided by the number of parallel solvers. Thus the depicted values correspond to the
system time: the sum of the values for the iterations from 0 to k is approximately the system time
up to iteration k. We have run each experiment four times and show the average results below. The
executions seem to be stable, since we did not observe any noticeable deviations.
To give an example of a discrete benchmark, we applied BMC to check invariants of UsbPhy (Universal Serial Bus), taken from the VIS benchmark suite (http://vlsi.colorado.edu/˜vis).
As for hybrid automata, we applied BMC to Fischer’s mutual exclusion protocol [19] for two, three
and for four processes. The specification states the mutual exclusion property, i.e. that at each time
point there is at most one process in its critical section. The Railroad Crossing [17] is a further
hybrid benchmark. It consists of three parallel automata modelling a train, a railroad crossing gate
and a controller. The specification requires that the gate is always fully closed when the train is
close to the railroad crossing. Further hybrid benchmarks are a model of an elastic approach to train
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example the master tests for incoming messages and does not stick to get messages from all processes
one after the other. And third, communication itself should not take long; to reach this, slaves do
not communicate in each loop, and we restrict communication to clauses up to a certain size (exact
values are listed in the experiments).
In the following we describe three experiment blocks. The first one was made on a small computer
network, and gives first results for up to five solvers with clause communication via the master. The
second one reports on experiments on the supercomputer JUMP for up to 63 solvers for the same
algorithm. In the third block we report on results on the supercomputer JUGENE for the setting in
that slaves communicate clauses directly under each other without involving the master.
In the first two blocks we list CPU times, in the third one wall clock times. Note that we need file
I/O, that is usually the reason for different CPU and wallclock times, only at program start to read
in the specifications. In the experiments, the CPU times and the wallclock time were observed to be
nearly equal.
Before starting, let us make some general explanation to the diagrams shown in the following,
depicting the running times for the different BMC instances. The lines in the diagrams usually have
some peaks at low depth. There are two related reasons for these peaks: first, we should observe
that increasing instances of BMC reach new locations in the transition systems, and in lower BMC
instances it occurs more offen that these parts were not yet reached in the instances before. Thus it
can happen that at some point the search reaches a new location that is tainted with many conflicts.
This first time the corresponding solver must do all the work and recover all those conflicts. Due to
CSR, in the future the solvers will remember those conflicts, and we will not have these peaks in
running time periodically. Second, for similar reasons, some BMC instances can be tainted with new
LP conflicts, that are very expensive in computation. Again, CSR takes care that the solvers do not
have to make the same work in future.
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Figure 2. CPU times per processor and iteration in different settings for Fischer’s protocol for four
processes
distance control and a model of a Renault Clio 1.9 DTI RXE, equipped with a simple cruise controller
as reported in [25].6 To test the behaviour also for deep counterexample search, we have chosen
invariant safety properties, i.e. there exists no counterexample for the systems used, but for the elastic
train control at depth 22.
Figure 2 shows results for different settings for Fischer’s protocol for four processes. Figure 2a
motivates CSR by comparing the running times for a single solver with and without CSR. For all the
benchmarks applied, CSR leads to substantial speedup.
Figure 2b shows what happens when parallelizing the solver with applying CSR but without
communicating information between the solvers. That is CSR is only applied locally on a per-solver
basis. The speedup due to parallelization is very small; the running times are sometimes even longer
6 These two hybrid benchmarks are very complex in the real domain, i.e. the satisfiability check of their BMC instances
requires a massive usage of the LP solver. This yields, at least for deep BMC instances, long running times even for only a
few conflicts.
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4.2 Experiments on JUMP
We made some further experiments on the Supercomputer IBM p690 Cluster JUMP of the Jülich
Research Centre. JUMP has 1312 processors in 41 frames with an aggregate peak performance of
8.9 TFLOPS, and an aggregate main memory of 5.2 TB. For further informations about the system
see http://jumpdoc.fz-juelich.de/.
Figure 6 shows some results for Fischer’s protocol for three and four processes. The pictures show
the running times for each iteration, as in the earlier experiments. The running times are different
from that in the previous experiments, mainly because the CPUs of JUMP are of low frequency.
Furthermore, here we do not see the average values of four experiments, but for each case a single
experiment, only. A further difference to the earlier experiements is that we made slight modifications
to the learning algorithm, and for the results in Figure 6 we restricted communication to clauses with
at most 100 literals. This restriction is motivated by the fact that large conflict clauses are not as
useful for the solvers as small clauses, but they are expensive to communicate.
Using four or eight processors (three or seven solvers and a master) for Fischer’s protocol for
three processes yields good results. Even increasing the number of processors to 16 and 32 fastens
the computation. However, 64 processors seem to over-step the optimal number of processors, and
the results are partly worse than that of the sequential execution. We analysed the reasons, and came
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for the parallelized version than for the sequential setting. The reason is illustrated in Figure 2c by
listing the number of conflicts in each iteration. Without communication, the number of conflicts
may increase when employing more solvers. When a solver has computed a problem instance k and
starts to compute a new instance k  > k, then during the computation of the new instance k  it will
find conflicts that already occurred in other solvers computing instances between k and k  . However,
since the solver computing k  is not informed about those conflicts, it may run into the same conflicts
again.
To complete the picture, Figure 2d compares the running times when using CSR with and without
communication between the solvers. Figure 2e shows the corresponding number of conflicts for each
iteration. Communication between the solvers massively reduces the increment of the conflicts with
a growing number of solvers. We observe that communication becomes more and more important
when increasing the number of solvers, since the number of iterations that are skipped over by a
solver after finishing instance k and before starting a new instance k  increases, and so the number
of conflict clauses the solver did not get informed about. The Figure 2f shows the effect when not
applying on-the-fly constraint replication, but replicating only at the beginning of a new SAT-check
for two communicating solvers using CSR.
Figure 3 shows the running times for the different benchmarks, when applying parallelized CSR
and communication. We obtain, that the running times of the sequential solver using CSR, which
is already substantially shorter than without CSR, can be further improved by a linear factor when
using our parallel approach with communication.
Figures 4 and 5 show for each benchmark the total running times, i.e. the sum of the running times
for all instances, up to the shown depth. We distinguish the methods (i) without CSR, (ii) with CSR
but without communication and (iii) with CSR and with communication. Besides the running times,
the average total communication time per solver is given in brackets. Note that the communication
is very fast; for most benchmarks it amounts to < 1 s. Additionally, the average number of conflicts
per iteration is listed. Since one single solver cannot communicate, the corresponding fields are not
filled. By nn we denote that the computation was timed out because the total running time reached
the timeout threshold of 10000 s.
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Figure 3. CPU times per processor and iteration for different benchmarks with CSR and with
communication

to the conclusion, that, though communication is rather frequent, probably conflict clauses do not
arrive fast enough from one solver to the other. We made some experiments in which the solvers
communicate in each loop, i.e. when the communication threshold is 0. In these experiments the
SAT-solving times were satisfactory, but the communication times were high. In the experiments
above, however, the communication times were small, but the solver reached their goal generating
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Figure 5. Total running times. Time = total SAT-check time for all iterations up to depth k (average
communication time per solver in brackets) in seconds, C = average number of conflicts per iteration,
M = method. We distinguish the methods (i) without CSR and without communication, (ii) with CSR
but without communication and (iii) with CSR and with communication.
a higher number of conflict clauses and having longer running times. This observation motivated us
for the direct clause communication between the slaves.

4.3 Experiments on JUGENE with direct slave-to-slave clause communication
The third block of experiments were made on the Supercomputer JUGENE of the Jülich
Research Centre. JUGENE has a total of 65536 CPUs with an overall peak performance of 223
TFLOPS, and an aggregate main memory of 32 TB. For further informations about the system see
http://www.fz-juelich.de/jsc/jugene.
We repeated the earlier experiments made on JUMP, that yielded similar results. Additionally, we
made experiments in the setting in which the solvers communicate clauses directly under each other
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Figure 4. Total running times. Time = total SAT-check time for all iterations up to depth k (average
communication time per solver in brackets) in seconds, C = average number of conflicts per iteration,
M = method. We distinguish the methods (i) without CSR and without communication, (ii) with CSR
but without communication and (iii) with CSR and with communication.
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Figure 6. CPU times per processor and iteration on JUMP for Fischer’s protocol for three and four
processes with CSR and with communication
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Figure 7. Wallclock times per processor and iteration on JUGENE for Fischer’s protocol for three
and four processes with CSR and with communication, using direct clause communication between
the solvers
without involving the master. The results are shown in Figure 7. Besides excluding the master from
the clause communication, we removed the threshold restriction in the main sat loop, i.e. the solvers
communicate in each loop instance. All other parameters were set as for the experiments of Figure 3.
The results show that the algorithm now scales better. Thus we can draw the conclusion that the
master–slave architecture is probably not the best way for larger number of processes. Additionally,
we can observe that CSR can be successfully applied also to our parallel setting.

5

Conclusions

In this article we introduced a parallel SAT-solving technique for BMC. The parallelization is different
from existing approaches: instead of solving a single problem instance using parallel solvers, we let
different solvers solve different BMC instances. In order to speed up the search, we apply CSR and
let the solvers communicate the conflict clauses found during their SAT-checks. The experiments
performed show that the positive effect of CSR can only be preserved under parallelization if the
solvers communicate the conflict clauses among themselves. With communication, the full advantage
of sequential CSR can be maintained in the concurrent setting, yielding nearly linear speedup from
parallelization.
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