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Exercise 8.1:

Consider Example 12.3 from the lecture:

c0 ≡ begin

var x; var y;
proc P is y := x;
x := 1;
begin

var x;
x := 2;
call P

end

end

Choose initial variable environment ρ0 such that with static scope semantics, for all π0 and σ0:

ρ0, π0 ⊢ 〈c0, σ0〉 → σ0[0 7→ 1, 1 7→ 1, 2 7→ 2]

Give a formal proof, using the operational semantics in Definition 12.4.

Solution

σ : Loc 99K Z is representing the memory
ρ : Var 99K Loc is mapping variables to memory cells
π is mapping procedure names to code and declaration environment

Starting with ρ0 := ρ∅[y/0] ∈ VEnv, else y would not be declared. Initially the value of the memory is undefined.
Also we have σ0(0) = 0.

The proof structure:

4 asgn
σ0 3 σ1

8 asgn
σ1 7 σ2

11 asgn
σ2 10 σ′

2
call

σ2 9 σ′
2 seq

σ1 6 σ′
2

block
σ1 5 σ′

2 seq
σ0 2 σ′

2
block

σ0 1 σ′
2



[1] (ρ0, π0) ⊢ 〈c0, σ0〉 → σ′
2

block -rule updates the environment only:

[2] (ρ1, π1) ⊢ 〈c1, σ0[1 7→ 0]〉 → σ′
2

where ρ1 := ρ0[x 7→ 1] and π1 := π0[P 7→ (y := x, ρ1, π0)]
ρ1

σ0: [
y

· |
x

· | . . .
and c1 ≡ x := 1; begin . . . end:

[3] (ρ1, π1) ⊢ 〈x := 1, σ0[1 7→ 0]〉 → σ1 where σ1 = σ0[1 7→ 1] since [4] 〈1, σ0[1 7→ 0] ◦ ρ1〉 → 1
ρ1

σ1:

[
y

· |
x

1 | . . .

[5] (ρ1, π1) ⊢ 〈begin . . . end, σ1〉 → σ′
2

block -rule updates the environment only:

[6] (ρ2, π2) ⊢ 〈c2, σ1[2 7→ 0]〉 → σ′
2

where ρ2 := ρ1[x 7→ 2] and π2 := π1

ρ2

σ1: [
y

· | 1 |
x

· | . . .
and c2 ≡ x := 2; call P :

[7] (ρ2, π2) ⊢ 〈x := 2, σ1[2 7→ 0]〉 → σ2 where σ2 = σ1[2 7→ 2] since [8] 〈2, σ1[2 7→ 0] ◦ ρ2〉 → 2
ρ2

σ2:

[
y

· | 1 |
x

2 | . . .

[9] (ρ2, π2) ⊢ 〈call P, σ2〉 → σ′
2

call -rule evaluates σ2 to σ′
2
, if the procedure does so in its declaration environment (here ρ1 and π0):

[10] (ρ2,

π
′

2

︷ ︸︸ ︷

π′
2
[P 7→ (y := x, ρ2, π

′
2
)]) ⊢ 〈y := x, σ2〉 → σ′

2

· where σ′
2

= σ2[0/1], π2(P ) = (y := x, ρ2, π
′
2
) since [11] 〈x, σ2 ◦ ρ1〉 → 1

ρ1

σ′
2
:

[
y

1 |
x

1 | 2 | . . .

We get that σ′
2

= σ0[0 7→ 1, 1 7→ 1, 2 7→ 2].
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Exercise 8.2:

Consider the following modification to our WHILE language, where procedures have (exactly) two call-by-value

parameters:
p ::= proc P (x1, x2) is c; p | ε ∈ PDec
c ::= . . . | call p(a1, a2) ∈ Cmd

(a) Define new call and block rules.

(b) Evaluate 〈c0, σ∅〉 for environment ρ∅, π∅ and

c0 ≡ begin

var y;
proc MAX(x1, x2) is if x1 > x2 then y := x1 else y := x2;
call MAX(1, 2);

end

Solution

(a) Effect of procedure call now dependent on parameters:

PEnv = {π | π : PVar −→ Var × Var × Cmd× VEnv × PEnv}

block -rule with new update function (effect of declaration):

upd
p
Jproc P (x1, x2) is c; pK(ρ, π) = upd

p
JpK(ρ, π[P/(x1, x2, c, ρ, π)])

upd
v
JvK(ρ, σ) = (ρ′, σ′) (ρ′,upd

p
JpK(ρ′, π)) ⊢ 〈c, σ′〉 → σ′′

(ρ, π) ⊢ 〈begin v, p, c end, σ〉 → σ′′

call -rule:

〈a1, σ ◦ ρ〉 → z1 〈a2, σ ◦ ρ〉 → z2 (ρ′, π′[P 7→ (x1, x2, c, ρ
′, π′)]) ⊢ 〈c, σ[ρ′(x1)/z1, ρ

′(x2)/z2]〉 → σ′

(ρ, π) ⊢ 〈call P (a1, a2), σ〉 → σ′

if π(P ) = (x1, x2, c, ρ
′, π′)

and (ρ′, σ′) = upd
v
Jvar x1; var x2; K(ρ, σ)

(b)

〈1, σ∅[0 7→ 0] ◦ ρ1〉 → 1 〈2, σ∅[0 7→ 0] ◦ ρ1〉 → 2

〈x1 > x2, σ2 ◦ ρ2〉 → false

〈x2, σ2 ◦ ρ2〉 → 2

(ρ2, π1) ⊢ 〈y := x2, σ2〉 → σ1

(ρ2, π1) ⊢ 〈if x1 > x2 . . . , σ2〉 → σ1

(ρ1, π1) ⊢ 〈call P (1, 2), σ∅[0 7→ 0]〉 → σ1

(ρ∅, π∅) ⊢ 〈c0, σ∅〉 → σ1

where ρ1 = ρ∅[y 7→ 0], π1 = π∅[P 7→ (x1, x2, if . . . , ρ, π)]
and ρ2 = ρ1[x1 7→ 1, x2 7→ 2], σ2 = σ∅[0 7→ 0, 1 7→ 1, 2 7→ 2]
and σ1 = σ2[0 7→ 2]
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