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7. Exercise sheet Semantics and Verification of Software WS0809

Due to Monday, 8 Dec. 2008, before the exercise course begins.

Exercise 7.1: (4 points)

Establish the following axiomatic equivalence:

while bdo ¢ = if b then (¢;while b do ¢) else skip

without using the equivalence of axiomatic and operational/denotational semantics.

Solution

It is to show that for any pre- and post-conditions A and B, it holds that

{A} while bdo ¢ {B} <= {A} if b then (¢;while b do ¢) else skip {B}

E {A} while b do ¢ {B}

reLert 1 1A} while b do ¢ {B}
Il € Assnsuch that EA=1 F{I}whilebdoc{IA-b} F{IA-b}c{I} EIAN-D=B

LkP L A= T {IAb} c;while bdo ¢ {IA-b} F{IA—b} skip {IA-b} EIA-b= B
RIN EA=1 +{I}ifbthen (c;whilebdo c) else skip {IA-b} EIAN-b=B
= F {A} if b then (c; while b do c¢) else skip {B}

sounduess L { A} if b then (c; while b do c) else skip {B}

= {A} if b then (c; while b do ¢) else skip { B}
"L L LAY if b then (c; while b do c) else skip {B}
2 F{AAb} c;whilebdoc{B}  F{AA-b} skip {B}
P 3D € Assn such that - {AAD} ¢ {D}, - {D} while bdo ¢ {B}  {AA-b} skip {AA-b} EAA-b= B
— D € Assn such that H {AAb} ¢ {D}, - {D} whilebdoc{DA-b} EDA-b=B EFEAAN-D=B

whie 3D € Assnsuch that - {AAD} ¢ {D}, F{DAb} c{D} E=DA-b=B EAA-b=DB
EAANb=DAb EDAb=AAD

b=true= A< D

- {A} while b do ¢ {B}

soundyess L £ A} while b do ¢ {B}




Exercise 7.2: (4 points)

Prove the total correctness of the following program:

{A} 2= 0;c {U B}

where
A = (z>0Az=iANy>0)
¢ = whiley<zdo(z:=z+12:=x—1y)
B = (z=idivy)

Solution

We have to show that {A} z := 0;¢ {{ B} where

A = (I>O/\x:i/\y>0)
¢ = whiley<zdoz:=z4+1,x:=x—y
B = (z:idivy)

First we show that the assertion
Ck)y=(z+adivy=idivyAky<z<(k+1)y)

is an invariant of ¢. Applying (asgn) twice yields

F {kz20ACK)z—az—yllz=c—y{lE=20AC(k)} and

F k> 0ACR) o —ylz 2+ 1)} zi=2+1 {lk>0ACKk)[z— 2 —y]}
such that (seq) implies that

F{(kZ0ACK)z—az—yllz—z+1}z=z+Liz:=c—y {Jk=0AC(k)}
Now C(k+1)=(z+azdivy=idivyA (k+1)y <z < (k+2)y) and
C()fe — 2 — ][z 2+ 1]
(z+(@—y)divy=idivyrky<z—y<(k+1)y)
= (z4+1l4+@-—y)divy=idivyrnky<z—y<(k+1)y)

such that

=
= (

Hence (cons) implies that

kZ0ANC(k+1)=k=0ACk)[z—z—yllz— 2z+1] and
k>0AC(K) = C(k)
F{Z0ANCk+1D}z=z2+Lz:=c—y {J Ck)}
Moreover, we have
E((k=20ACk+1)=>y<z) and [ (C(0)=~(y<a))
such that (while) yields
F{3k. k>0AC(k)} c {U C(0)}.

For the initializing assignment, (asgn) implies
F{3k.k=>0AC(k)[z— 0]} z:=0{y k. k = 0AC(k)},
such that (seq) allows to conclude
F{3k.E=20AC(k)} z:=0;c {{ C(0)}.
On the other hand we have
E(z>0Az=iAy>0)= (Fk. k=0AC(k)[z—0])) and [ (C(0)=z=idivy),
such that (cons) yields the desired result:
F{r>0Az=iAy>0}z:=0;¢c{lz=1divy}.




Exercise 7.3: (6 points)
Consider the following extension of the WHILFE language:

e Let r be a meta variable for arrays out of the domain {[zo,...,2,_1] | n € N}.

e Arithmetic expressions are extended by |r| (the length of r) and r[a] (the element at the a-th position of r).

e Commands are extended by 7 := [ag, ..., a,—1] and r[a] :=a’.
Let the semantics be given by:

o £f|r[lfo =n for o(r) = [20,-- -, 2n—1]

o L[r[a]]lo = z for o(r) = [z0,. .., 2n-1] and L]a]loc =k

e First approach for corresponding proof rules:

(array) {Alr — [ag,...,an_1]} 7 :=[ag,...,an_1] {A}

~ (element)

{Alrla] = ']} rla] := o’ {A}

(a) Provide a counterexample showing the incorrectness of rule (element);
(b) Derive a corrected version of this rule;

(c) Given the following algorithm:

¢ = if rlk] > r[k — 1] then v:=r[k];r[k] :=r[k — 1];7[k — 1] :== v else skip
N—_— ———— ~—
b c1 c2

Starting the precondition {1 < k < |r|}, derive {1 < k < |r| Ar[k] < r[k — 1]} as postcondition of c.

Solution

(a) Since the rules are applied syntactically, it is possible to prove
{o=0ni=1}rli]:=0{i=1Ar[]=0}
However, semantically, it will cause problems:
{i=j} rli]:=0 {r[j] =0}.

The problem is that when ¢ = j and r[i] := 0, A[r[j] — 0] = A, or {i = j Ar[j] # 0} r[i] := 0 {r[j] # 0}. The
reason is that ¢ and j are syntactically different, thus r[¢] := 0 will not be applied even if semantically i = j.

(b) Conceptually, assigning a value to an array element must be considered as a change of the whole array, and
the correct rule can be:

(array-asgn) p —
{A[r —rla—a ]]} rla] := {A}

r!

which intuitively means that r is replaced by r’, where 7’ is derived by replacing the a-th element r[a] with

a'.

(c) Given the (array-asgn) rule, first establish the following two properties:
(i) |r| = 1]
3 . a ifj=a
(i) r'[j] = { ,

r[j] otherwise



Let A:= (1<k<|r|) and B:= (1 <k <|r| Ar[k] < r[k —1]). It is to establish
{AAb} 1 {B} and {AA-b} o {B},

such that {A}c{B} can be derived. The latter is trivial. We thus focus on the first one, backwards. We first
establish {Az} r[k — 1] := v {B}. It follows that

{1<k || Ak <o} rlk—1]:=v {B},

Asz

where 7’ := r[k — 1 — v]. Due to (i), |r| = |*/| and (ii) 7'[k] = r[k], it holds semantically that = A} = As,
where A5 = (1 < k < |r| Ar[k] < ).

We continue to establish {As} r[k] := r[k — 1] {A5}. It follows that

{I<k< || A"k —1] <o} rlk] == r[k — 1] {AS},
Az

where 7" = r[k — r[k — 1]]. Due to (i) and (ii), |[r| = || and "’[k — 1] = r[k — 1], it holds semantically that
E A, = Ay, where A, = (1 < k< |r|Ar[k—1] < v).

Similarly, we can show that

{1<k<r|Arlk—1] < rlk]} v:=r[k] {45}

Ay

Note that = AA b= A;.

In summary, we obtain such a derivation:

EANb= Ay (A} ve=rlk] {4} B AL = Ay (Ao} r[k] =k — 1] {4} B AL = Ay {A3) ok — 1] := v {B}

{AND} v:=rlk];r[k] :=r[k —1];r[k — 1] :=v {B}




