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6. Exercise sheet Semantics and Verification of Software WS0809

Due to Monday, 1 Dec. 2008, before the exercise course begins.

Exercise 6.1: (2 points)

Prove the following partial correctness result using Hoare logic:

{lz=iNy=jle=c4+y; yi=x—y; c:=x—y{z=jANy=1i}.

Solution
Let
{=iny=jYa=aty y=o—y o=c—y{z=jAy=i}
A c1 c2 c3 B
SR b C T K R EN
(seq) {Ajer{4s} {As}e2; c3{ B}
(cons) FA= A4 {Ai}er; o5 c3{ B}

{A}cr; coic3{B}

where As, Az, A1 are defined as follows:

A3 = Blzr—z—yl = (z-—y=jAy=1)
Ay = Asly—ax—y] = (:C—(x—y)zj/\:v—y:i)
A = Alr—az+yl = (e+y—(@+y—y) =jrz+y—y=i)

& (wzi/\y:j) = A

This completes the proof.
O

Exercise 6.2: (243 points)

(a) Develop a proof rule for statements of the form for = := a1 to ay do ¢ where z € Var, a;,as € AExp, and
¢ € Cmd (without assuming the presence of a while statement in the programming language).

(b) Using this rule (and the known proof system), establish the validity of the following partial correctness

property:
1
{yZO}z:_O;forx:_1toydoz:_z+x{z_ %}



Solution

(a) Derive from the corresponding while-statement:

forr:=a;toaydoc =

{ANz <asg}c{Alx— x+1]}

x = ay; while x <as do (¢; x:=x+1)

{Alx — a1]} z := a1 {4}

{ANx <as}e x:=x+1{A}

{A} while z < az do (¢; x:=x+1) {AANz > az}

{A[z — a1]} = :=a;; while z < as do (¢; z:=2+1) {AANx > as}

{Alz — 2+ 1]} z:=ax+1 {A}

{ANz <ax} c{Alx— x+1]}
= {A[z — a1]} for z :=a; to ag do ¢ {A Az > az}

(b) Choose loop invariant:

C=(y>0Az<y+1Az=220)

For the body of the for statement:
F{Clz—z+1][z—2z+2|} z:=2+2z {Clz—z+1]}

Precondition and postcondition valid:
Chzx<as
=y>0r Nz<y+1Az=

xx(x—1
@(yZO/\:ESy/\Zz%)

M/\:rgy)

Clx —z+1][z— 2z + z]

=(y2 0Nz +1<y+1Az+a =2
@(yZO/\:vgy/\ZZM—x)
@(yEOAISyAz:%)

Together: C Az < ag & Clz — xz+ 1][z — 2z + 2]
=>F{CAhz<a}z:=z4+2 {Clz—x+1]} (for the body)
=F{Clz—1]}forz:=1toaz doz:=z+2z {C Az > as}
=F{Clz—1]z—0]} z2:=0; forr:=1toaz do z:=z+xz {C Az > as}
where
Clz — 1][z — 0]

1x(0

=(y>0A1<y+1n0= "0
S y>0)=A4A

and C Az > as
E(yz()/\xgy+1/\z:w/\x>y)
@(yZO/\:vzy—i—l/\z:—y*(g“))

=z = —y*(gﬂ)) =B

=+ {A} ¢ {B} (the PCP from the exercise)



Exercise 6.3:

O

(14-0.540.5+3 points)

(a) Show that the greatest common divisor of two positive integers ¢, j € Z, denoted by ged(i, 7), has the following

properties:

(i) i >j = ged(i, j) = ged(i — 4, 7),
(i) ged(é,j) = ged(f, é), and
(iil) ged(i,i) = 1.

(b) Using the Hoare rules, prove that the statement ¢ € Cmd given by

while =(z = y) do if x < y then y :=y — x else x := x — y,
satisfies the following partial correctness property:

{e=iny=jANi=1Nj=1}c{z=ged(z,y) =ged(i,j)}

Solution

For 4,5 > 1:ged(4,7) := max(D(i) N D(j)) where D(i) := {k > 1| 3’ > 1 such that k- ¢’ = i}.

(a)

(i) Fori>j>1:
k € D(i) N D(j)
< 3 >j >1suchthat k- =iand k-5 =5
=3 >j >1suchthat k- (i —j)=i—jand k-j =
< ke D@ —j)nD()

= ged(i, j) = ged(i — j, j)
(i) ged(j, 1) = max(D(i) U D(j)) = max(D(j) U D(i)) = ged(j, 1)

(iii) ged(i,4) = max(D(i) U D(4)) = max D(i) =14
since 1 -4 = ¢ and thus ¢ € D(7)

To show: - {A} ¢ {B} where (go bottom up)
A={z=iNy=jANi>1Nj>1}

c=while ~(z=y)doifz <ytheny:=y—zelser:=a—y
B = {z = ged(,y) = ged(i, j)}

Loop invariant: C' = (k = ged(4, j) = ged(x, y)) (that is, ged(x,y) is invariant!)

6)F{y—xz>0AEk=ged(z,y —x) =ged(4,))} y:=y — a {k = ged(z,y) = ged(i,5) Ay > 0}
(NHE{z—y>0Ak=ged(z —y,y) =ged(i,7)} z:=x —y {k = ged(z,y) = ged(i,5) Az > 0}

with cons rule and (a)(¢) and (a)(7):

EA=A . EFyzaeh-(z=y)ANk=...=y—z>0Nk=ged(z,y —z) = ged(,))
EA=>A : Ez>yA-(z=y)Ak=...=2z—y>0Ak=ged(z —y,y) = ged(s,J)
EB =B : EFEk=...Ay>0=k=...
EB =B : EFk=...Az>0=k=...



with if rule:
B)F{-(z=y)Ak=...}ifz<ytheny:=y—zelsex:=x—y{k=...}

with while rule:
A b A

—— —— ——
QF{k=..}c{=ynk=...}
with cons rule and (a)(#i7):
EA=A . Exz=iANy=jAx>1Ay>1=k=ged(z,y) =ged(i, )
FB =B : Faz=yAk=gcd(z,y)=ged(ij) =z =ged(z,y) = ged(i,])

1) {A} c{B —___asgn
(1) - {4} c {B} ﬂcois &
(4) (5)

ﬁWhile

(2)
(1)

asgn

cons
if

cons




