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Exercise 4.1: (1+2 points)

(a) Show that the least upper bound of a chain (Definition 6.4) is unique (if it exists).

(b) Give a subset of Σ −→ Σ which does not have an upper bound.

Solution

(a) Let (D,⊑) be a PO, and let S ⊆ D be a chain.

Assumption: d, d′ ∈ D are least upper bounds of S
⇒ S ⊑ d and S ⊑ d′ Def. of upper bound
⇒ d′ ⊑ d and d ⊑ d′ Def. of least upper bound
⇒ d = d′ ⊑ is PO, antisymmetry

(b) Required: subset S ⊆ Σ −→ Σ without upper bound.

Remark: S cannot be a chain (see Lemma 6.9)

Claim: S := {f1, f2} where fi : Σ −→ Σ : σ 7→ σ[x 7→ i] for some fixed x ∈ Var has no upper bound.

Proof: Assume g : Σ −→ Σ is upper bound of S
⇒ f1 ⊑ g and f2 ⊑ g

⇒ σ[x 7→ 1] = f1(σ)
∗
= g(σ)

∗
= f2(σ) = σ[x 7→ 2] for every σ ∈ Σ

.

(∗) Def. of ⊑: f(σ) = σ′ ⇒ g(σ) = σ′

This is a contradiction to the assumption and thus our claim holds.

Remark: there are non-chains with an upper bound.

f0(σ) = undefined

f1(σ) =

{

σ if σ(x) even

undefined otherwise

f2(σ) =

{

σ if σ(x) odd

undefined otherwise

f3(σ) = σ

⇒ S := {f0, f1, f2} no chain, but S ⊑ f3
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Exercise 4.2: (1+1+1 points)

Which of the following functionals of type (Σ −→ Σ) → (Σ −→ Σ) are monotonic with respect to the partial order
⊑ given by graph inclusion?

(a) Φ1(f) = f

(b) Φ2(f) =

{
g1 if f = g2

g2 otherwise
(where g1, g2 : Σ −→ Σ with g1 6= g2)

(c) Φ3(f)(σ) =

{
f(σ) if σ(x) 6= 0
σ otherwise

Solution

Monotonicity of Φ: f ⊑ g ⇒ Φ(f) ⊑ Φ(g)

(a) f ⊑ g
⇒ Φ1(f) = f ⊑ g = Φ1(g)
⇒ Φ1 monotonic

(b) Three cases:

• g1 < g2 and g1 6= g2:
Φ2(g1) = g2 6⊑ g1 = Φ2(g2) (in graph representation arrow changes direction)
⇒ Φ2 not monotonic

• g2 < g1 and g2 6= g1: same as above. . .

• g1, g2 incomparable, i.e. g1 6⊑ g2 and g2 6⊑ g1:
⇒ g2 6= f∅ (otherwise g2 ⊑ g1) and f∅ ⊑ g2 but Φ2(f∅) = g2 6⊑ g1 = Φ2(g2)
⇒ Φ2 not monotonic

(c) Let f, g : Σ −→ Σ and σ, σ′ ∈ Σ such that f ⊑ g

Φ3(f)(σ) =

{

f(σ) if σ(x) 6= 0

σ otherwise
Φ3(g)(σ) =

{

g(σ) if σ(x) 6= 0

σ otherwise

Case 1: σ(x) 6= 0:

For f(σ) undefined there is nothing to show, otherwise

Φ3(f)(σ) = f(σ) = σ′ ∗
⇒ σ′ = g(σ) = Φ3(g)(σ)

(∗): Def. of ⊑

Case 2: σ(x) = 0 : Φ3(f)(σ) = σ = Φ3(g)(σ)

⇒ Φ is monotonic.
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Exercise 4.3: (4 points)

Investigate
CJz := 0;while y ≤ x do (z := z + 1; x := x − y)K

in analogy to the factorial example 7.3.



Solution

For every σinit ∈ Σ, c ≡ z := 0; while b do c′

CJcK(σinit) = fix(Φ)(σ)

where σ = σinit[z 7→ 0] and for every f : Σ −→ Σ and σ ∈ Σ,

Φ(f)(σ) =

{

f(σ′) if σ(y) ≤ σ(x)

σ otherwise

where σ′ = σ[z 7→ σ(z) + 1, x 7→ σ(x) − σ(y)].

Approximation Φn(f∅)(σ) for n ∈ N and σinit(x) ≥ 0 and σinit(y) > 0:

Φ0(f∅)(σ) = f∅(σ) = undefined

Φ1(f∅)(σ) =

{

f∅(σ
′) if σ(y) ≤ σ(x)

σ otherwise

=

{

undefined if σ(y) ≤ σ(x)

σ otherwise

Φ1(f∅)(σ2,3,0) = σ2,3,0 (2/3 = 0 remainder 2)

Φ1(f∅)(σ5,3,0) is undefined

Φ2(f∅)(σ) = Φ(Φ(f∅))(σ)

=

{

Φ(f∅)(σ
′) if σ(y) ≤ σ(x)

σ otherwise

=







undefined if σ(y) ≤ σ(x) and σ′(y) ≤ σ′(x)

σ′ if σ(y) ≤ σ(x) and σ′(y) > σ′(x)

σ otherwise

=







undefined if σ(y) ≤ σ(x) and σ(y) ≤ σ(x) − σ(y)

σ′ if σ(y) ≤ σ(x) and σ(y) > σ(x) − σ(y)

σ otherwise

=







undefined if 2 · σ(y) ≤ σ(x)

σ′ if σ(y) ≤ σ(x) < 2 · σ(y)

σ otherwise

Φ2(f∅)(σ5,3,0) = σ2,3,1 (5/3 = 1 remainder 2)

Φ3(f∅)(σ) = Φ(Φ(Φ(f∅)))(σ)
= . . .

=







undefined if 3 · σ(y) ≤ σ(x)

σ′′ if 2 · σ(y) ≤ σ(x) < 3 · σ(y)

σ′ if σ(y) ≤ σ(x) < 2 · σ(y)

σ otherwise

Φn(f∅)(σ) =







undefined if n · σ(y) ≤ σ(x)

σ[z 7→ k, x 7→ σ(x) − k · σ(y)] if k · σ(y) ≤ σ(x) < (k + 1) · σ(y) for k ∈ {1, . . . , n}

σ otherwise

Fixpoint: fix(Φ)(σ) =







σ[z 7→ σ(x) div σ(y), x 7→ σ(x) mod σ(y)] if 0 < y ≤ x

undefined if y ≤ x ≤ 0

σ if x < y
where div and mod are defined as usual for x ≥ 0, y > 0 only.
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Exercise 4.4: (1+3 points)

(a) Define the denotational semantics of the repeat c until b construct.

(b) Using this semantics, show that the following semantic equivalence holds:

repeat c until b ∼ c;while ¬b do c.

(Hint: The proof can be given by complete induction over the fixpoint iteration index n.)

Solution

(a) Semantics defined by: CJrepeat c until bK = fix(Ψ)

where Ψ(f) = cond[

First comes the body then evaluate b
︷ ︸︸ ︷

BJbK ◦ CJcK ,

The body has to be executed at least once
︷︸︸︷

CJcK , f ◦ CJcK]

(b)

c1 = repeat c until b
c2 = c; while b do c

CJc1K =
⊔

n∈N
Ψn(f∅)

CJc2K = CJwhile ¬b do cK ◦ CJcK
= (

⊔

n∈N
Φn(f∅)) ◦ CJcK where Φ(f) = cond(BJ¬bK, f ◦ CJcK, idΣ)

=
⊔

n∈N
(Φn(f∅) ◦ CJcK)

By induction over N we will show that Ψn(f∅) = Φn(f∅) ◦ CJcK

(I.B.) n = 0:

Ψ0(f∅) = f∅ = f∅ ◦ CJcK = Φ0(f∅) ◦ CJcK
since f∅(σ) is undefined for every σ ∈ Σ

(I.H.) Ψn(f∅) = Φn(f∅) ◦ CJcK

(I.S.) n → n + 1:

Φn+1(f∅) ◦ CJcK = Φ(Φn(f∅)) ◦ CJcK
= cond(BJ¬bK, Φn(f∅) ◦ CJcK, idΣ) ◦ CJcK
= cond(BJ¬bK ◦ CJcK, Φn(f∅) ◦ CJcK ◦ CJcK, CJcK)

(I.H.) = cond(BJ¬bK ◦ CJcK, Ψn(f∅) ◦ CJcK, CJcK)
(negation) = cond(BJbK ◦ CJcK, CJcK, Ψn(f∅) ◦ CJcK)

= Ψ(Ψn(f∅))
= Ψn+1(f∅)
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