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4. Exercise sheet Semantics and Verification of Software WS0809

Due to Monday, 17 Nov. 2008, before the exercise course begins.

Exercise 4.1: (142 points)

(a) Show that the least upper bound of a chain (Definition 6.4) is unique (if it exists).

(b) Give a subset of ¥ —— ¥ which does not have an upper bound.

Solution

(a) Let (D,C) be a PO, and let S C D be a chain.

Assumption: d,d € D are least upper bounds of S

=SCdand SCd Def. of upper bound
=d CdanddCd Def. of least upper bound
=d=d C is PO, antisymmetry

(b) Required: subset S C ¥ —— ¥ without upper bound.

Remark: S cannot be a chain (see Lemma 6.9)

Claim: S := {f1, fo} where f; : ¥ —— ¥ : 0 — o[z — i] for some fixed z € Var has no upper bound.

Proof: Assume g : ¥ —— X is upper bound of S

= fiCgand foCyg

= olz 1] = fi(0) = g(0) = f2(0) = oz + 2] for every 0 € &
(¥) Def. of C: f(0) =0’ = g(o) =0’

This is a contradiction to the assumption and thus our claim holds.
Remark: there are non-chains with an upper bound.
fo(o) = undefined

o if o(x) even
filo) = ( ).

undefined otherwise

o if o(x) odd
falo) = w

undefined otherwise

fslo) =0
= S:={fo, f1, f2} no chain, but S C f5




Exercise 4.2: (14141 points)

Which of the following functionals of type (¥ —— ¥) — (¥ —— %) are monotonic with respect to the partial order
C given by graph inclusion?

(a) @1(f) = f
0 o= { o g it 0
(c) ®3(f)(0) = {g(a) itgéfvlifeo

Solution

Monotonicity of ®: f C g = ®(f) C $(g)

(a) fCg
= ®1(f) =fCg=2i(9)
= ®; monotonic

(b) Three cases:

e g1 C go and g1 # go:
Dy(g1) = g2 £ 91 = P2(g2) (in graph representation arrow changes direction)
= &5 not monotonic

e g5 [ g1 and g2 # g1: same as above. ..

® g1, g0 incomparable, i.e. g1 £ g2 and g2 £ g1:

= g2 # fy (otherwise g2 C g1) and fy C g2 but ®o(fp) = g2 £ g1 = P2(g2)
= ®, not monotonic

(c) Let f,g: ¥ —— Y and 0,0’ € ¥ such that f C g
@3(/)(0) = {ﬁ (0) i olz) #0 $a(0)(0) = {g(o) if o) £ 0

otherwise o otherwise

Case 1: o(z) # 0:

For f(o) undefined there is nothing to show, otherwise

(*): Def. of C
Case 2: o(x) = 0: ®3(f)(0) = 0 = P3(g9)(0)

= ® is monotonic.

O

Exercise 4.3: (4 points)

Investigate
€z :==0;while y <z do (z : =2+ L;z:=2 —y)]

in analogy to the factorial example 7.3.



Solution

For every ;n:t € 3,

¢ = z:=0; while b do ¢
C[c](oinit) = fix(®)(o)
where 0 = gpit[z — 0] and for every f: ¥ —— Y and 0 € &,
fla') ifo(y) <
a(f)(o) = {117 o)
o otherwise

where 0/ = o[z +— 0(2) + 1,2 — o(x) —

Approximation ®"(fp)(o) for n € N and o4nit(z) > 0 and o4 (y) > 0:

2°(f9)(0)

! (fo)(o) =

= fo(o) = undefined

fo(e) i oly) < o)

o otherwise
undefined if o(y) < o(x)
o otherwise

<I>1(f@)(02,370) = 02,30

(2/3 = 0 remainder 2)

®1(fy)(05.3,0) is undefined

*(fo)(o) =

|
f
f
{

(@(f0)) (o)
P(fy)(o")
undefined

undefined

undefined

‘1)2(f®)(05 3 0) =023,

3

Fixpoint:

{

fix(®)(0) =

undeﬁned

undefined

z»—»k :cr—>o

olz— o
undefined
o

()

if o(y) < o(z)

otherwise

if o(y) < o(2) and o'(y) < o' ()

if o(y) <o(z) and o' (y) > o' (x)

otherwise

ifo(y) < o(z) and o(y) < o(z) —o(y)

if o(y) < o(x) and o(y) > o) — o(y)

otherwise

if2-0(y) < o(z)

ifoly) <o(z) <2-0(y)

otherwise

(5/3 = 1 remainder 2)

))(o)

if3-0(y) < o(z)

if2-0(y) <o(x) <3-0(y)

ifo(y) <o(x) <2-0(y)

otherwise
ifn-o(y) <o(x)

—k-o(y)] ifk-oly)<olx)<(k+1)-o(y) forke{l,...,n}

otherwise

where div and mod are defined as usual for x > 0,y > 0 only.

x) div o(y),z — o(x) mod o(y)]

f0<y<z
ify <z <0
ifx <y




Exercise 4.4: (143 points)

(a) Define the denotational semantics of the repeat ¢ until b construct.

(b) Using this semantics, show that the following semantic equivalence holds:
repeat c until b ~ c¢; while —b do c.

(Hint: The proof can be given by complete induction over the fixpoint iteration index n.)

Solution

(a) Semantics defined by: €[repeat c until b] = fix(¥)

First comes the body then evaluate b The body has to be executed at least once
——— ~ =
where U(f) = cond]| B[b] o €[] , e[ , fo€fd]]
(b)
= repeat c until b
co = ¢; while b do ¢
Cla] = U,en¥"(fo)

¢lez] = ¢€[while b do c] o €[]
(Unen @™ (fo)) 0 €[] where ®(f) = cond(B[-b], f o €[c],idsx)
Len (2" (fo) o €[c])

By induction over N we will show that U™ (fy) = ®"(fp) o €[]
(ILB.) n=0:

VO(fo) = fo = fo o €] = ®°(fp) o €[]
since fy(o) is undefined for every o € &

(LH.) 9(fo) = ®"(fo) o €[]

(ILS)n—n+1:

Pt (fp) o€l = ®(P"(fy)) o €[]

= cond(%[[ﬂb]] D" (fp) o €[c],idx) o €[]

= cond(B[-d] o €[c], 2" (fy) o €[] o €[c], €[])
(LH.) = cond(B[-d] o €[c], ¥"(fp) o €[c], €[c])
(negation) = cond (B[] o €[], €[c], T"(fy) o €[c])

= W(T"(fy))

— \I]nJrl(




