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Exercise 1 (3 points)
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Solution The following equations hold:

P ⊕p P ∼p P (1)

P ⊕p Q ∼p Q ⊕1−p P (2)
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Exercise 2 (4 points)

Given three IMCs E1, E2, E3, where a, τ are actions, λ, µ are exponential rates.



s1

s2 s4 s6 s7

s3 s5

a

2λ + µ τ τ

a

τ

s8
a

λ

µ

t1

t2 t5

t4

t7 t9

t3 t6 t8

a

τ

µ

λ

λ

τ τ

τ

a

a

λ+µ a

u1

u2

u4

u5

u7 u9

u3 u6 u8 u10

a

τ λ + µ

τ

λ

µ
a

2λ

µ

τ

τ
τ
aµ

λ

IMC E1

IMC E2

IMC E3

• Do we have s1 ∼m t1?

• Do we have t1 ∼m u1?

• Do we have t1 ≈m u1?

Solution

• Yes. Due to the maximal progress assumption, the transition t4
λ

7−→ t5 will never happen. Thus, the
equivalence induced by R = {(s1, t1), (s2, t2), (s3, t3), (s4, t4), (s4, t5), (s5, t6), (s6, t7), (s7, t9), (s8, t8)}
is the coarsest strong Markovian bisimulation of E1 and E2. (s1, t1) ∈ R, thus s1 ∼m t1.

• No. Due to the maximal progress assumption, the transitions u3
λ+µ
7−→ u6 and u5

µ
7−→ u4 will never

happen.

t1
τ

−→ t3, t3
λ+µ
7−→ t6;

u1
τ

−→ u3, u3

λ+µ

67−→.

Thus, t1 6∼m u1.

• Yes. The equivalence induced by R′ = {(t1, u1), (t2, u2), (t3, u3), (t3, u6), (t4, u4), (t5, u5), (t6, u8),
(t7, u7), (t8, u10), (t9, u9), (t4, u7), (u4, t7), (t5, u7), (u5, t7)} is the coarsest weak Markovian bisi-
mulation of E2 and E3. (t1, u1) ∈ R′, thus t1 ≈m u1.
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Exercise 3 (6 points)

Given an M/M/2/1 queueing system as follows:

Arr := (λ).α.Arr

Buff := α.δ.Buff

Proc := δ.(µ).Proc

Sys :=
(

(Proc ‖∅ Proc) ‖{δ} Buff
)

‖{α} Arr

• Construct the IMC of Sys .

• Show that Sys [f ] with f(α) = τ and f(δ) = τ is weak Markovian bisimilar to:

0 1 2 3

λ λ λ

2µ2µµ

Solution

• Let P = Proc ‖∅ Proc, Q = (µ).Proc ‖∅ Proc, R = (µ).Proc ‖∅ (µ).Proc, S = Proc ‖∅

(µ).Proc.

The processes Proc ‖∅ Proc, (Proc ‖∅ Proc) ‖{δ} Buff and
(

(Proc ‖∅ Proc) ‖{δ} Buff
)

‖{α} Arr

are given as follows:
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Let P1 = P ‖{δ} Buff , P2 = P ‖{δ} δ.Buff , Q1 = Q ‖{δ} Buff , Q2 = Q ‖{δ} δ.Buff ,



R1 = R ‖{δ} Buff , R2 = R ‖{δ} δ.Buff , S1 = S ‖{δ} Buff , S2 = S ‖{δ} δ.Buff .

P1 ‖{α} Arr

P1 ‖{α} α.Arr

P2 ‖{α} Arr

Q1 ‖{α} Arr P2 ‖{α} α.Arr S1 ‖{α} Arr
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R1 ‖{α} α.Arr
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• First replace all α- and δ-transitions with τ -transitions, which is the effect of the rename function
Sys [f ].

• Then there are four equivalence classes under the weak bisimulation relation R:

C0 = {0, P1 ‖{α} Arr}, C1 = {1, P1 ‖{α} α.Arr , P2 ‖{α} Arr , Q1 ‖{α} Arr , S1 ‖{α} Arr},

C2 = {2, P2 ‖{α} Arr , Q1 ‖{α} α.Arr , Q2 ‖{α} Arr , S1 ‖{α} α.Arr , S2 ‖{α} Arr , R1 ‖{α} Arr},

C3 = {3, R1 ‖{α} α.Arr , Q2 ‖{α} α.Arr , S2 ‖{α} α.Arr , R2 ‖{α} Arr}

• Check whether R is a weak bisimulation (Take C2 for example):

(2, P2 ‖{α} α.Arr) ∈ R because 2 6
τ

−→ and R(2, C3) = δ, R(2, C1) = 2µ, then

P2 ‖{α} α.Arr =⇒ R1 ‖{α} α.Arr , and R(R1 ‖{α} α.Arr , C3) = δ; R(R1 ‖{α} α.Arr , C1) = 2µ.

(P2 ‖{α} α.Arr , 2) ∈ R because P2 ‖{α} α.Arr
τ

−→ Q1 ‖{α} α.Arr , and (Q1 ‖{α} α.Arr , 2) ∈ R.
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